Abstract-we consider such sequences of closed B-spline curves the elements of which differ only in their degree; i.e., they share the same control polygon. First, we prove that a sequence obtained in this way converges to the point that represents the arithmetic mean of the common control points (their position vectors) as the degree tends to infinity. Then, we show that this property can be generalized to closed rational B-spline curves in which case the limit is the weighted arithmetic mean of control points.
INTRODUCTION
We consider the following definition of normalized B-spline basis functions and B-spline curves. Typeset by A@-'I&$ knot values of interest are of multiplicity k; i.e., ug = u1 = . = uk-1, uk, . , u,, ?&+I = u,+2 = . . . = un+k. By means of clamped B-spline basis functions open curves are modelled, and these curves always pass through the first and last control points, i.e., through do and d,.
For unclamped functions, all the knot values are different (ui < ui+l), and they are used to model closed curves. The general form of closed B-spline curves is as follows. 
i=O by means of the scalars uo E R, 0 < 6i E R (i = 0, 1, . . . , n). That is, control points and the & values (differences between consecutive knots) are repeatedly specified according to the order k.
These curves for k > 2 do not pass through any control point, except the special case when all the control points are colinear. Details on the usage of open and closed B-spline curves in modeling can be found, e.g., in [1, 2] . Although an exact conversion always exists between clamped and unclamped curve descriptions (cf. [3] ), nowadays modeling systems support open B-spline curves, in general.
A consequence of Definition 3 is that there is no upper bound for the degree of closed B-spline curves, while for open curves the inequality k 5 n + 1 has to be fulfilled. In the rest of the paper, we utilize this property of closed B-spline curves. Both in case of open and closed B-spline curves, one can observe that the curve moves off the control polygon when increasing the degree. We show that the sequence of closed B-spline curves, obtained by the elevation of the order k, converges to a single point which is the arithmetic mean of control points (points are identified with their position vectors). This property can be generalized to rational B-spline curves as well, in which case curves converge to the weighted arithmetic mean of control points.
CONVERGENCE OF THE SEQUENCE OF CURVES
We are going to study closed B-spline curves determined by n+l control points (do, dl, . . . , d,). For any integer j, we introduce the notations jo = [j/(n + I)] ([ ] denotes the integral part), j, = jmod(n+ 1) ( i.e., j = jo(n + 1) + jl); moreover, let D = ~~="=, 6i. Using these notations, (2) can be written in the form To eliminate negative indices, we perform the index transformation j 4 J + k -2 which yields
The sum of the coefficients of the control point dl (1 = 0, , n) in expression (4) where for the remainder A IA( < 3Dmax (N?(u)) holds, and thus limk,, A = 0 due to Property (iv). Taking the limit of either side of equation (6), we obtain aimm sl (u) = --&, + which completes the proof. I Figure 1 illustrates this convergence.
RATIONAL CASE
The rational closed B-spline (or NURBS) curve in Rd Projecting this point from the origin onto the hyperplane w = 1, we obtain the point provided that Czo wi > 0. Taking into account that convergence is invariant under this projection, we gain the result that the sequence of rational closed B-spline curves converges to the weighted arithmetic mean of control points di and weights wi. Interpreting the results in the language of experimental physics, we can say that the sequence of rational closed B-spline curves of order k determined by the points di and weights wi converges to the point that represents the centre of mass of masses wi located at points di, as k tends to infinity. Figure 2 illustrates the convergence of rational closed B-spline curves.
